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ITostHOTA MpocTpaHcTBa cenapabejIbHbIX MEP B
merpuke KanTopoBu4ia-PyOuHireiina.

Kpasuenko A.C.

AnaHOTAaUS

B pabote paccmaTpuBaercsi IpoCcTpaHCTBO cenapabenbubix mep M (X),
OIIpeIeJIEHHBIX Ha, 0OpesieBCKoil o-ajrebpe B(X) mMerpudeckoro mpo-
crpancrsa X . IIpocrpancrso M (X)) merpusyercs paccrosauem Kanro-
poBuua-Py6uninTeiina, Takyke Ha3biBaeMbIM B [1] «paccrosimmem Xar-
quHCOHA». JlOKa3biBaeTcs TeopeMa O TOM, 9TO mpocrpancTso M (X)
MIOJTHO B TOM H TOJIBKO TOM CJIydae, €CJIu TIOJHO npocTpancTteo X . Pac-
CMOTPEHBI IIPUJIOYKEHNSI ITON TEOPEMbI B TEOPUU CAMOIIOI00HBIX (Dpak-
TAJIOB.

KiroueBsie ciioBa: ¢ppakTasibl, CaMONOI00HBIE MHOXKECTBA, MHBAPUAHTHBIE Me-
pbl, cenapabesibabie Mepbl, Merpuka Kanroposuua-Pybuniireitna, paccrosinue Xar-
YHMHCOHA.

1. Beegenue. B pabore [3]| k. XaTunHCOH, BBO/s MOHSITHE WHBAPH-
QHTHOW MEPHI JIJI KOHETHON CUCTEMBI CXKUMAIIINX 000U, pacCMaTPUBAET
Merpudeckoe nmpocTpaHcTBo (X, p) u npocrpancTBo My (X) mep v Ha X C
OIPaHUYEHHBIM HOCUTEJIEM, HOpMUPOBAHHBIX ycjioBueM V(X ) = 1, B KOTOpOM

BBOJWTCs MeTpuka [3, 4.3.(1)]:
/dev—/deu', )

Te cympeMmyM Oepércst mo BceM (bpyHKIMIM f U3 MPOCTPAHCTBA

lip (X) ={f: X = R: |f(z) = f(y)| < p(z,y), mna Beex z,y € X}

H(v, p) = sup

Ora MeTpuKa, Ha3BaHHas B [1] «paccrogumem XaruwmHCcoHa», ObLTa BBe-
nmena B 50-x rogax B paborax JI.B.Kanroposuua u I'.III. Py6unmreiina (cm.
7, T4, §4)).

ITpu nokazarenscrse Teopemsl [3, 4.4(1)] o cymecTBoBaHUY WHBAPUAHT-
HOI MepHI Ha CaMOIIOf00HOM MHOXKECTBE, B CTaThe [3] nCmosb3yercs TeopeMa
BaHaXa (6] HGHO;LBI/I)KHOI'/’I TO4YKE, HO OTCYTCTBYET IHOKa3aTE/JIbCTBO IIOJIHOTHI
paccmaTpuBaemMoro mpocrpancTsa Mep M. (X). B ciywae kommakraOro X
npocTpalcTBO Mo (X) siBasiercss kommakTHBIM (cM. [7, I'1.8, §4]) u, caemo-
BaTeIbHO, MONHBIM. OIHAKO, B O0IIEM CIydae CIIpaBe/InBO

VYrBepxkaenune. Eciu npocrpanctBo X HeorpaHudeHO, TO HPOCTPAHCTBO
Mioo(X) mE nosmo.

JeficTBUTEIEHO, BHIOpPAB MOCIEIOBATENLHOCTE TOYEK ) € X, JJisi KO-
Tropoit p(xg,xr) < k u p(xg,xx) — 00 mpu kK — 00 U, UCHOJIB3Ys] Mepy



Hupaka d, (cm. §2), MOKeM OLpesesuTh II0C/IeA0BATEIbHOCTE MEp Uy =
27"+ 2756, , bynnamentambayo B Mioc(X ), HO He HMeIOTILYTO TIpe-
JIeJIa B 9TOM IIPOCTPAHCTBE.

IIpo6en B m0Ka3aTENbCTBE TEOPEMBI XaTIMHCOHA ObLIT OTMedeH B 1], rae
g caydag X = R” OGbLI0 JAHO HOBOE JITOKA3aTEILCTBO ITOH TEOPEMEI C
UCIIOIh30BaHueM mpocTpancTBa M (X) Mep v, yI0BIETBOPSIONINX YCIOBUSIM
v(X)=1mu fX p(zp,x) dv < 0o Jyist HEKOTOPO#i TOUKHU xo € X, HaJAEeJTEHHOTO
merpukoii (1). Tam ke Gbuta ycranosjena nojaoTa npocrpancrsa M(X),
g gactHoro caydas X = R™. B §4 mbl qoka3piBaeM OCHOBHOHN pe3yJsibTaT
(reopema 4.2) 06 5KBUBAJIEHTHOCTH CBOHCTB IOJHOTHI npoctpancTsa M (X)
U TIOJTHOTHI TpocTpaHcTBa X B obmeM ciaydae. IIprioxkenue 910l TeopeMbl
K caMonoo6ubIM (bpakTasam (§5) HE TOJBKO MOJHOCTHIO CHAMAET BOIPOC O
KOPPEKTHOCTH TeOpeMbl XaTUNHCOHA B ODIIEM Ciydae, HO M PACIPOCTPAHSIET
€€ Ha CJIydail CIETHBIX CHCTEM CXKUMAIOIIUX OTOOpaKeHuil. DTO MO3BOJISIET
paccMaTpuBaTh aTTPAKTOp (CYETHON) CUCTEMBI CKUMAOIIUX 10100utt B 6a-
HAXOBOM MPOCTPAHCTBE KAK HOCUTENIh MHBAPUAHTHON MEpHI, 6€3 apropHOTO
TpebOBaHUS €r0 KOMIIAKTHOCTH.

2. OcHoBHble nmougTus. [lycrs (X, p) — Merpudueckoe IpPOCTPAHCTBO
u Cy(X) — mpoCTPaHCTBO BCEX HEMPEPHIBHBIX OIPAHUYEHHBIX (DYHKIWH f :
X — R ¢ mopMO#L || f|loo = sup,ex |f(x)|. IIpr sTOM "nCIO

PSS 0

Ha3bIBAEM KOHCMaHMOoU sunwuyesocmy GyHKINM f, U ecm OHO KOHEYHO,

|tz #yz,ye X}

10 QyHKIMIO f Ha3bIBAEM AuNwWUYesot. [IpocTpaHcTBa BCeX BEIIECTBEHHBIX
JIMTIIIALEBBIX (DYHKIUI, OrPaHUYEHHBIX JIUIIIUIEBbIX (PYHKINH, U (DYHK-
Uil ¢ KOHCTaHTOM JIMIIIUIEBOCTH < « HAa X 0003HAYAIOTCSI COOTBETCTBEHHO
lip (X), lip °(X) u lip ,(X). CumBos diam (A) obo3HaTaeT AuaMeTpP MHOXKe-
cra A C X, 1. e. wuciao sup{p(z,y) : z,y € A} € [0,+00]; paccrosiHue or
roukn € X 10 mMHOKkectBa A oboznadaercs p(x, A) = infyca p(x,y). Ho-
curesieM BerectBenHOM yukmn f @ X — [0, +00) HA3BIBAETCS MHOXKECTBO
spt f={z € X : f(x)>0}.

Bynem mucars «, | ap (mmm «,, T ag) Jyist MOHOTOHHO yOBIBatOIIEi (Co-
OTBETCTBEHHO BO3PACTAIOINEl) YUCI0BOM mocienoBaTesbHocT {v, }, CXoms-
meiics K ag. Aramornuno 6ynem nucats f, | fo (wm f, T fo) Ha MHOXKECTBE
X, ecm moC/IeI0BaTeIFHOCTD BEIECTBEHHBIX (DyHKIWIH { f,, }, OmpeneséHHbIX
Ha X, yObIBaeT (COOTBETCTBEHHO BO3PACTAET) U MOTOYETHO CXOMUTCH K (DYHK-
muu fo Bciogy Ha X.

Ilog mepoti v Ha X MBI IOHMMAEM BEMIECTBEHHYIO HEOTPUIATEIHHYIO
CUETHO-3IUTUBHYIO (DYHKIMIO MHOXKECTBA, 33JaHHyI0 Ha o-ajurebpe B(X)
BCeX OOPEIEBCKUX TIOJIMHOXKECTB MTPOCTPAHCTBA X U Y/IOBJIETBOPSIOIILYIO Pa-
sercrBy V(&) = 0. Mepy 0,(A) = {lupuz € A; O upu ¢ A} HazbiBaeM Mme-



poti Jfupaxa B rouke x € X (cm. [10, 10.9.4(1)]). Mepa p Ha X, ynosiersopsi-
forast ycstoBuio (X ) < +00, Ha3bIBaeTCs KOHeUHOi. Hocumeas MepHI [ eCTh
muokecTBO sptpu = X \ U{A C X : A orkpwiro u pu(A) = 0}. Muoxkecrso
A C X Ha3bIBaeTCS CenapabesvHbim, €CJIU OHO COIEPKUTCA B 3aMBIKAHUN
cBoero He GoJiee deMm cuérHoro mopmuokectBa. Crenys [6, [u1.1,81.], MbI Ha-
3BIBAEM MEPY [ cenapabeabHol, €Civ CyIIecTByeT OopeieBckoe cemapabesnb-
Hoe MuOXKecTBo A C X Takoe, uro (X \ A) = 0. Ussecrro [2, 2.2.16], uro
HOCHUTEJIb KOHEeYHOM MEPHBI BCErAa ABJIACTCA CeHapa6e.HI)H])IM MHOXKECTBOM U
O9TOMY Jisi KOHeuHbIX Mep yciaoBue (X \ spt ) = 0 paBHOCHJIBHO cema-
pabesibHOCTH MEDBI [4.

CewmeiicTBo kKoHe4HBIX Mep I HazwiBaercs naommuwim (cum. [6, T.1,81.]),
ecan s Jroboro € > 0 Haijg€rcs Takoe KOMIIAKTHOE MHOXKeCTBO I, 4ro
v(X \ K) < € nna Bcex mep v € II, m, COOTBETCTBEHHO, KOHEUHAs Me-
pa Ha3bIBaeTCsd MAOMHOLU, €CJIU TLIOTHO CeMefCTBO, COCTOSINEe TOJIBKO U3
9Toit Mepnl. KoHeuHasi II0THAS Mepa OJHO3HAYHO OIPEIe/seTCsl 3HATCHWUSI-
mu uHTerpasta #Ha dyskmuax f € lip°(X) (em. [6, In.1,81, Teopema 1.3.]).
OrMmeTuM, 9TO B IOJTHOM METPHUIECKOM IIPOCTPAHCTBE X CBONCTBA ILJIOTHO-
cru u cenapabenbHOCTH Mepbl 9KBuBasieHTHBI (M. [6, [Tobasenue I11]). Mer
OyZleM paccMaTpUBaTh TOJBKO cermapadebHble Mephl, He KacasiCh TaK Ha3bl-
BaeMoit mpobsems! Meps! (cMm. |6, dobasmenue III| mm 2, 2.1.6]). Kaxmgas
KOHeUHasi Mepa Ha X HOpOXKIaer JuHeiHbli dbyrkmmonast pu(f) = [  fduaa
npocrparcTBe E(X, (1) BCeX BEIECTBEHHBIX [i-CyMMUPYyeMbIX (byHKIwii. s
MeTpHYecKoro mpocrpancrsa X Msl, ciexyd [1, crp. 159, paccmarpuBaem
npocrparctBo M (X) Bcex cemapabesbHBIX Mep p Takux, 910 u(X) = 1 u
w(f) < +oo gst moboit dyukmuu f € lip (X). 3amernm, uro B 0bmem ciy-
qae Mjo(X) C M(X), rage M(X) — npocrpancTBo Mep, BBeiéHHOE B [1, cTp.
160] 6e3 TpeboBanus ux cenapabdesnbrocru. U, kpome toro, M(X) C M(X).
Kaxoit Touke a € X comocrasysiercst byHKIust ¢q(x) = p(a, ), npuHaI-
Jexkarmas mpocrpancTsy lip (X).

VYreepxkaenue 2.1. CenapabenpHasa Mepa (1 Ha METPHYECKOM IIPOCTPAHCTBE
(X, p), ynosrersopsomas ycaosuto p(X) = 1, npuHAIEKAT TPOCTPAHCTBY
M(X) rorma m TosibKO TOIJa, KOrja CyliecTByeT To4ka a € X Takas, 4To

1(¢a) < +00.

JoxasatenscTso. Ecau € M(X), 10 ¢, € lip (X) mus moboit touxu a € X
u, caepoBarenasno, u(¢,) < +oo. Ecim nmeerca touka a € X Takasi, 9To
w(pg) < 400, To amsa moboit dbymkiuu f € lip (X) BemosHSIETCS OMEHKA
7(2) < f(@) + (Lip £) - pla,) = £(a) + (Lip ) - 6a(x), 13 x0TOpOH cremyer
Tpebyemas orenka juist uaTerpana: pu(f) < f(a) + (Lip f) - pu(dq) < +00. O

3. Merpu3sarnus npocrpaHcTBa mep. Paccrosuaue H (u, V) Mexy Me-
pamu p, v ompenessierca dopmyioit (1), rme cympemym 6Gepércst mo BceM



dbyuakuusam f € lip(X), u sBastercss orpanmdenuem ua M (X) merpuxn
H(u,v), paccmorpennoit B [1] Ha dhopmanbao 60see MMPOKOM NPOCTPAH-
cree M(X). Bamerum, uTo npu nposepke akcuom merpuku s H(p,v) B
[1, Teopema 1, ctp 161] CBOHCTBO MOJHOTHI METPUYECKOTO MPOCTPAHCTBA X
He UCIOJIb30BaJIOCh. MBI TOBOPUM, UTO TOCJIE0BATEILHOCTE KOHEUHBIX Mep
[k C1abo CXOIUTCS K KOHEYHOW mepe pu, ecau pi(f) — p(f) mpum k — oo
s roboit dyrkuuu f € Cp(X), u B 970M ciiydae MBI OUIIEM [l = [.
CewmeiicrBo muoxkects Buga {pu € M(X) : |u(fj) —v(fj) <ej=1,...,k}
IIpY TIPOM3BOJIBHBIX € > ( m Jil00BIX KOHEYHBIX Habopax fi,..., fr dyHK-
nuit u3 Cp(X) 3agaér cucremy 6a3MCHBIX OKPECTHOCTEH IS KaxK0H TOUKM
v € M(X), mOpOXKJAIONLYI0 TOIOJOTUIO CAGOOY CTOO0UMOCTU, KOTOPYIO MBI
Oyaem obo3HaUIATH Yepe3 WW.

[MocnenoBarenbHOCTE Mep {Vy, }0° | Ha3bIBaeTCs Aab0 PHyroamenmans-
noti, ecm st yioboit dyakmun f € Cy(X) dynmamenTanbHa mOCTEI0BA-
TeIbHOCTE Vy (f). MuoxkectBo Mep I HasbBaercs caabo noarvim, €Cu Jio-
6ast ci1abo dyHIAMEHTATBHAS TOCIE0BATEIBHOCTE Mep {1V, } U3 3TOro MHO-
JKeCTBa CJIab0 CXOAUTCA K HEKOTOPOi# Mepe u3 I1.

Teopema 3.1. g mroboro merpudeckoro npocrpancrsa X romoorus 7 B
npocrpancrse mep M (X)), mopoxaéunast merpukoii H (u, v), coBnazgaer c to-
noJiorued caabor cxoqumoctu VV Torga u ToJibKO Torsa, Korga diam X < oo.
IIpu srom, ecim diam (X)) = oo, 1o Tomosorust 7 cTporo cHIbHEE TOMOJIOTHH

W.

Jloka3aTeIbCTBY 9TOU TEOPEMBbI IPEIIOIIIEM HECKOIHKO BCIIOMOTATEh-
HBIX YTBEPXKIEHUH.

JIemma 3.2. /L mo6oii pyaknun f € Cy(X) cymecrByer nocsiegoBare ib-
HoCcTh {p,} pynkumii uz lip °(X), rakas aro ¢, | f Ha X.

JoxasarenscTso. Ilycrs f € Cp(X) u ||f]loo =m < +00. Juan =1,2,...
KaxKJlasi U3 HenpepbiBHBIX QyHKuui ¢, (r) = sup{f(t) —n - p(z,t) : t € X}
orpaanvena Ha X, ™. K. —m < f(x) < pu(z) < sup{f(t) : t € X} = m.
U3 mepasenctsa (f(t) —n - p(x1,t)) —n - p(r1,22) < f(t) — n - plxa,t) <
on(x2) cnenyer, aro vy (x1) — pp(x2) < n-p(x1, x2) npu 106LIX 21,22 € X.
Cuepnosaresnsro, Lip ¢, < nu ¢, € lip °(X). HepaBerncrso ¢, 11(x) < @n(x)
BBITEKAET HEIOCPEJICTBEHHO U3 ompejesenus: GyHKIwmA ¢, (). [Ipu aro6om
dukcupoBanroM x € X g mpousBosibHOTO € > 0 mmeerca § = d(g) > 0
takoe, uro |f(x) — f(t)| < &, kak TowkKO p(x,t) < J. T. K. mpu HOGOM N >
2m/o n p(x,t) > 0 BemouHsiercst HepasercTso (f(t) — f(x)) —n-p(x,t) <0,
To onenka 0 < ¢u(x) — f(x) = sup{(f(t) — f(x)) — n - p(x,t) : p(x,t) <
d} < € BRIIOJHSIETCS TPHU BCEX AOCTATOIHO 6osbmmx n. CremoBaTensro,
f(z) =limy, oo on(x). O



3ameuanue. AHAJOTMYHOE YTBEPXKJEHUE JJIs MOJYHEIPEPBIBHBIX (DYHKIWM
Ha OrpaHUYEHHBIX MHOXkKecTBaX B R” Gbuio mokasano Xaycmopdom (1919),
cM. [5, Theorem IL.5].

IIycts V — BekTopuas pemérka. JIuueitnsiit pynkmuonan F : V. — R
HA3BIBAETCS CEKBEHUUAADHO O-HENPEPBIBHBIM I CEKBEHUUAALHO NOPATKOBO
HENPEPLIGHBIM, €CTH JIJIS JTF000H MOHOTOHHO YOBIBAIOIIEH II0C/IeI0BATEIbLHO-
CTH U, 37eMeHTOB V Takoii, ¥ro infu, = 0, Beimonnserca F(u,) — 0, npu
n — 00. [IpuMepoM CeKBEHIINATBHO O-HEIPEPHIBHOTO (DYHKIIMOHAJIA SIBJISIET-
cd WHTErpaJj IO MPOM3BOIBHON KOHETHOM Mepe  Ha X.

Jlemma 3.3. Ilycts V' — BekTopHas pemérka, u Vj Takoe MOJMHOXKECTBO
V', wro mis siroboro ssaementa v € V' Hatingércst yObIBaromiasi moC/1€10BaTe/Ib-
HOCTH 3j1eMeHTOB up, € Vo, k = 1,2,..., takas uro infu, = v. Ecam mocie-
J0BaTE/JIbHOCTD JIMHEITHBIX CEKBEHIINaJIbHO O-HEIIPEPBIBHBIX ITI0JIO2KUTEC/IbHBIX
¢yukmuonasios F, : V — R, n=0,1,... morogeuno cxogqurcsa ¥ Fy mHa muO-
:kectBe Vj, To mocsenoBaresbHOCTh {F),} morodeuno cxoxurcs k Fy u Ha
BCéM V.

JoxasaTenscTBo . BrifepeM MpOU3BOJILHbIN 31eMeHT v € V 1 IPOU3BOJLHOE
e > 0. [To ycnosuio, Haiijércss yOBIBAIONIAS TIOCIEI0BATEIBHOCTD DJIEMEH-
TOB uy € Vp, ynosiersopsiromnas inf uy = v. Beibepem k = k(e), Takoe uTo
|F(ug)—F(v)| < €. Beitbepem N = N (¢), Takoe 9o jyist n > N BBINOJIHSETCS
| F(ug) — F(ug)| < e. Torga

F,(v) < Fy(ug) < F(ug) + e < F(v) + 2e.

[Mepexons & lim sup mpu n — oo, moayunm limsup F, (v) < F(v)+2e. B cany
IIPOU3BOJIBLHOCTH BBIOOpa &, limsup F,(v) < F(v). Ilpuvmenus aHasornvase
paccykaeHus s nemenTa (—v) moayumMm liminf F,(v) > F(v), otkyna
cirenyer lim Fy,(v) = F(v). O

Caencrsue 3.4. ITycrs mocsien0BaTe/IbHOCTh KOHEYHBIX MED { (i, } U KOHEY-
Hast Mepa (i TakKOBbI, 4T0 st Ji0boi ¢yrknun f € lip °(X) Breimosnsercs

pn(f) — p(f), Toraa p, = p.

JokasareascTso. Iogoxum V = Cp(X) u Vj = lip°(X) C V. Torga ucko-
MO€ YTBepKJeHNe HEeOCPEeICTBEHHO caeayeT u3 jemMm 3.2 u 3.3. [J

Caenctsue 3.5. Torosorust T mopoxgaemast merpukoit H B mpoctpaHcTBe
M(X) e crnabee Tonosoran V.

JokazatenscTBo. U3 ciencrBusa 3.4 BBITEKAET, UTO JIIOOAS CXOMAIIASICA B
merpuke H mocienoBareasHOCTh Mep u3 M (X)) cxomures B caaboit Tomoso-
rum. [



Jlemma 3.6. Eciim npocrpanctBo X orpaHudeHo, TO Jirobast cj1abo CXOqsIa-
sicst mocsteoBaresibHOCTh Mep u3 M (X)) cxonurcs B merpuke H.

JokazarenscTBo. Ilycts X orpanuueno. PaccMoTpuMm mpow3BOIBHYIO CJia-
60 CXOISIIYIOCS TIOC/Ie0BATEILHOCTh CenapabesibHbIX Mep Vv, = Uy (n =
L2,...).

[Iycts X — monosnenune muoxecrsa X . Cemetictso muoxects D = {A C
X : ANX e B(X)} aBnserca o-aare6poil, 9T0 HEOCPEICTBEHHO CIIELYET
U3 TOTO, 9TO CeMENCTBO HopeeBckux MHOXKeCTB B(X) siBisiercs o-anrebpoi.
Ecan MmHOXeECTBO V' OTKPHITO B X o VN X OTKPHITO B X, CJI€IOBATEIb-
mo, VN X € BX)uV € D. T. x. B(X) — MUHUMAJIbHAA 0-a/rebpa,
cojepxKalllasd BCe OTKPBIThIE B X MHOXKeCTBa, 10 B(X ) C D, win, uHbBIMHK
cosavu, {ANX : A € B(X)} C B(X). Takum ofpa3soM, Kaxkjas ce-
napabenbHas Mepa vy, : B(X) — [0,+00) nopoxaaer cenapabeabHy0 Me-
Py Up : B(X) — [0,+00), ompegensemyio dbopmymnoit 7,(A) = v, (AN X)
(Bce HEOOXOAMMBIE CBOMCTBA U, HEMOCDEJCTBEHHO BBITEKAIOT U3 AHAJOTHY-
HBIX CBOMCTB MepHI V).

s siroboii dyukuu f € Cb(X ) umeem

n(f) = va(flx) = vo(flx) = % (f).

T. e. U, = 1. CienoBaresnsuo, cemeiicrso II = {1, }2° ) siBIseTcs KOMITAKT-
HBIM B TOTIOJIOTHH cy1aboit cxomqumoctu. 3adukcupyem € > (. [To obpaTHoii Te-
opeme IIpoxoposa [6, Tt 1. §6, Teopema 6.2], cemeiictso I1 aBisgercs mioTHbIM,
T. e. HalHETCs KoMIakTHOe MHOXkecTBo K C X Takoe, uro ip(X \ K) < e
anan=0,1,....

T. x. MHokecTBo X BCIOJy IIOTHO B X, TO MHOXKECTBO mapos B(z,¢)
JMaMeTpa € C NeHTpaMu & € X TOKDPHIBAET X, W, B UaCTHOCTH, KOMIIAKT
K. Beibepem koneunoe noguokpsirue K: U™ B(z;,e) DO K u 06o3Hadum
A = {z;}",. T. k. MHOX)XeCTBO A KOHEYHO, TO MHOXKeCTBO (DyHKIHit

F={pelip,(A): p(x) =0}

roMeoMop@HO 3aMKHYTOMY OrpaHHYeHHOMY HoaMHOXKecTBy R™, u, cieoBa-
TesibHO, J KOMIIAKTHO B PABHOMEDHOH HOPME ||| = max |p|. Boibepem B
F xoneuHylo e-ceTh i € F. Paccmorpum Habop dyakmmit ¥ : X — R

VYr(x) = min{pg(x;) + p(x,2;) i =1,...,m}.

Kaxnas takast (pyHKIMS SBISETCS IPOJOJIKEHUEM Q) Ha BCE IIPOCTPAHCTBO
X Yrla = ¢k, n ¢ € lip {(X) mo mocrpoenuto.

BribepeM HACTOJIBKO GOJIBINON HOMED N, ITO |Vp(1g) — vo(Yr)| < € ms
Bcex k u Bcex m = ng. Ilycrs f € lip,(X) — npousBosbHas Jmmuiesa
dyskmus. Torma dyukmus g(x) = f(x) — f(x1) Takosa, uro gla € F wu,
suaquT, Haiipérca k co csoitcrBom max{|g(x;) — pr(z;))| :i=1,...,m} <e.



s 060t Touku z € K N X wmaligércs Touka x;, Takas 910 p(T;, ) < € u
TOor/Ia

l9(x) — i(@)] < lg(x) = g(@i)] + 9(ws) — r(@i)| + [Pr(i) — ()] < 3e

Takum o6pazom, max{|g(x) — Yi(z)] : x € KN X} < 3e. Cobupasi BoexuHo
[OJTyYeHHBIE OIEHKH, JJIS 1 > Ny UMeeM:

<

() —10(1)] = lvn(9)—m0(g)] < \ [ gdtn-m)

+'/X\K9d(Vn—Vo)

< onn) =0 () +2_mase 1g(e)—x ()] miax gl (X o X\K)| <
< e+ 6 + 2¢ - max|g| < e - (7 + 2diam X)
ITepexons k BepxHeit rpanu mo dyukuuam f € lip (X)), moaygaem ormeHky
H(vp, 1) < e- (7+ 2diam X).

B cuny mpomsBosibHOCTH BBIOOPA € 3TO JIOKA3BIBAET CXOAMMOCTH TOC/IEIOBA-
resibHOCTH {V)} K 1y B Merpuke H. [

Jlemma 3.7. Ecim npocrpanctBo X HEOrPaHWYEHO, TO TOIOJIOTHS METPUKH
H wa M(X) He skBHBajIeHTHa (CTPOTo CHJIbHEE) CabOH TOMOJIOTHH.

IoxaszsaTenncTso. Ilycres X Heorpanwmdeno. Breibepem mocsienoBaTebHOCTD
Togek {x, 152 Taky1o, 4To p(z, Ty) = n’ Iyers v, = -6, + (1= 1) 6y,
Torma Vp, = Og,. B caMoM Jese, Jys M000# HENPEPHIBHON OTPAaHWYEHO
byskmun f nmeeMm

-2max |f| — 0.
n—oo

S

B0 (1) = )] = - | (o) — Flan)]| <

C zpyroit CTOPOHHI,

1
H(dwoayn) = Vn(¢r0) = E : P(l‘o,ﬂfn) =Zn

u, cTajio 0bITh, B Merpuke H cxommmoctu Her. [

Teopema 3.1 sBJISTETCST HEMTOCPEACTBEHHBIM CJIEACTBUEM yTBEPK ACHUH 3.5—
3.7.

4. OCcHOBHBIE TEOPEMbI O MOJHOTE MPOCTPAHCTBA Mep. B jpanHOM

naparpade Mbl JJOKAXKEM J[BE CJIeIYIONINE TEOPEMBI.

Teopema 4.1. Eciam npocrparcTtBo X MOJHO, TO IPOCTPAHCTBO KOHEUHBIX
cenapabeabHbIX Mep Ha X ca1abo MOoJIHO.



Teopema 4.2. IIpocrpancrso M (X) momxo B merpuke H Torga m TOJBKO
TOra, KOrJga MOJIHO IPOCTPAHCTBO X .

CHavasia TIpUBEIEM HECKOJLKO TexHwdeckux Jjemm. Crepymas jgemma
Bcrpeuaercs B [6, [u1.1,86] kak gacTh 10Ka3aTebCTBA OOPATHOTO yTBEDIK 1€
HUs TeopeMbl 1IpoXopoBa.

Jlemma 4.3. B mosiHOM npocrpaHcTBe cemerictBo mep II miorHO Torna u
TOJIBKO TOIJa, Korga A jobbix € > 0 u 6 > 0 Halifercs KOHEYHBIH HabOp
mapoB {B;} paauyca ¢ rakoii, aro v(X \ UB;) < 0 mis Bcex mep v € I

JoxazaTensCcTBO. B mpsMyr0 CTOPOHY HEMOCPEICTBEHHO CJIEIYET U3 OIpeie-
JIEHUsI IJIOTHOT'O CEMENCTBA U BIIOJIHE OMPAHUYEHHOCTH JII060T0 KOMITAKTHOTO
MHOXkecTBa. B obparuyio, mycrs Uy = U; B, — o0beuHeHNE KOHEIHOTO Ha~
6opa 1mapoB pajmyca 2% uv(X\Uy) < %. Tornma nmepeceuenne muOKECTB Uy,
BIIOJIHE OI'PAHUYEHO, [0 TOCTPOEHUI0. 3HAYUT, ero 3ambikanue K = cl Ng Uy
o reopeme Xaycaopda [10, 4.6.7.] kommaxTHO, n, kpome Toro, V(X \ K) < 6.
O

Caencrsue 4.4. Ecin mocienoBarenbHOCTh cenapabeibasix Mep {vy} He
SIBJISIETCS IUIOTHOM, TO CcyIecTBYIoT Takue € > 0 u § > 0, gro musa yobo-
ro KonegHoro nabopa mapos {B;} paamyca e u Jioboro ny > 0 Hafigércs
HATypaJbHOE YHCJIIO N > N Takoe, 4To vy (X \ UB;) > 0.

JokasaTenscTBO. IIycTs mocienoBaTensHOCTS cenapabenbabix Mep IT = {1 }72
He IJI0THA ¥ 1ycTh ng > 0. I3 onpejeienust mI0THOIO ceMeiicTBa Mep BbITe-
KaeT, 9T0 0ObeMHEHNe KOHEIHOTO YHC/Ia TIOTHBIX cemeiicTs miaotHo. Core-
JoBarensno, cemeiicrso I = {1 : k < ng} miorno, a cemeiicreo 117 =
{vk : k > no} me asasterca maoraev, B ey 11 = I U IT”. U3 pemmnr 4.3.
cIreyeT, 9To HaiiayTca Takue € > 0 m 6 > 0, 9To gy1a JTF060T0 KOHEYHOTO
mabopa mapos {B;} pagmyca ¢ maiinérca mepa v, € 11" (n > ng) Takas, aro

v (X \UB;) > 46. 0

Jlemma 4.5. ITycts npocrparctBo X — nosxo. Eciau mocrenoBareibHOCTS
KOHEYHBIX cernapabesbHbIX Mep {v,} TakoBa, 4ro st t000i pyHKIHn [ €
lip °(X) mocsenoBaresbaOCTh vy (f) pyrmamentanbuaa, to {v,} cocrasiser
mwiorHoe cemerictBo. Kak cuaencrBue, Jiobass ciabo pyHIaMeHTaJIbHAS II0-
CIEIOBATE/ILHOCTH CENapabeIbHbIX MED COCTABJISET TJIOTHOE CeMEHCTEO.

JoxasaTenscTeo. IlycTh 1mOC/I€10BATENBHOCT {Vy,} HE mytoTHA. [loKaxkeMm,
4T0 Hahigércs takas dymkmus f € lip °(X), 9ro mociemoBarensHOCTD Uy ( f)
He dynmamentanbaa. Obosnaunm B(x,r) = {t € X : p(t,z) < r} — 3a-
MKHYTBIH IIap C MEHTPOM B TOuke r € X, m pamuyca r > 0. lna goboro
KOHEYHOro MHOXKecTBa A u 7 > 0 6ymem obosnadars A" = UzecaB(x,r). U3
caencTBust 4.4 BeITEKAET, 9TO CyIIecTByioT € > 0 u § > 0, Takue 4To JJIsl JIFO-



6oro koneunoro muoxkecrsa A C X u jiroboro ng > 0 HAKIETCS HATYPAJIBHOE
IUCIIO M > N TaKoe, 9To vy (X \ A%) = 6.

ITocrpormM mocsieoBaTeIbHOCTS HATYPAIbHBIX dnces 1 < ny < ng < ...
u nocsiepoBareasroctr { A} u { Dy} KOHEUHBIX OJMHOXKECTB IIPOCTPAHCTBA
X, Takue 9TO BBITIOJHSAIOTCS CIEIYIOMNe CBOMCTBA:

(1) A1 CA;, nsBeex i > 1
(i1) D; CAj, mpni<j

(iii) D*NAY? =0, npui>j
(i) vu (DY) > 5/2

(V) v (XN AT?) < 6/32

Bynem neficTBOBATH IO CJIEIYIOMEMY AJITOPUTMY.

[Tar 1. U3 BeIGOpa € U § BUIHO, YTO HAUIETCI HOMEP N TAKOM, UTO
Un,(X) = 0. B cuy cenmapabenbHOCTH MePHI Uy, , HARAETCS KOHEIHOE MHO-
KecTBO A1, TaKoe UTO Uy, (X\Ai/4) < 0/32. Ceotictio (v) st k = 1 ciexyer
U3 BKJIIOUEHUSI Ai/ ‘e Ai/ ? § MOHOTOHHOCTH MepEI Un, - Homoxum Dy = Ay,
TOT/Ta, BBIIOJIHEHO (1) mist i = j = 1l u um(DiM) = Up, (X)—vn, (X\A§/4) >
d—0/32 > 6/2, aro B Tounoctu maér (iv), mis k = 1.

[MMar k, ayist k > 1. Ilycrs numeercs wabop aucen {n; } u maoxecrsa A;, D;,
e i = 1,...,k—1, ynosrersopsiromue croiicream (i) — (v). 113 BeiGOpa € u &
CJIeJlyeT, 9TO HAfAETCsA 9ucsIo ny > Ny_1, Takoe 9to vp, (X \ A7 ;) = 6. T. k.
Mepa Uy, cemapabesbHa, TO HahaéTcst Koneunoe MHOkecTBO Di, C X \ A4,
yrosersopsitornee croitctBy (iv). T. x. Dy N AL =0, To D,‘i/ N Ai/_Q 1 =0.
ITo (i) mmeem A; C Ap_y, npu j < k — 1, oTKyz#a ciexyer (i4i) 1ys caydas
t = k. B cumy cenapabesbHOCTH MepBI Vp, HalJETCS KOHEYHOEe MHOXKECTBO
F}, Takoe, 910 vy, (X\F,f/Q) < 0/32. Tonoxkuwm, Ay, = F,UAg_1UDjy, orkyna
cirelytoT cBoiicTBa (1) muist caydast ¢ = k, (i4) mas caydas j = k u (v).

3aTanM mocIe0BaTeIbHOCTH BelnecTBeHHbIX dyHKmit {¢py } u { fi}

2
() = max(1 — gp(:zz,Dk),O),w:Le k=12, ..

f1:0 fk: 1= fk7 ecjim |Vnk(fk)_ynk+1(fk)‘>%
P fk+ ¢ry1, wnmaue

U3 coitcrs (i)-(ii1) cremyer, aTo Df/ N Dj/ > =0 npu i # j. Taxnu

obpazoMm, HOCUTEeNW (DYyHKIHN Sptyp = D,i/ 2, k € N momapHo He Iepece-

katorca. s soboro k € N u o € D,‘i/  imeen vr(x) > 1/2. 3naqwur,

Vng (Pk) = 3Vn, (DZM). IMpumenus (iv), momxyaum vy, (@) > g. OTkyna cie-

ayer, 910 i Jiro6oro k € N BBITOTHSIETCS

|Vnk (fk) — Vnpiq (fk+1)| > 5/8

Omnpenemmum f(x) = supy, fr(x). T. x. 0 < pi(x) < 1, Lip ¢ < 2/e u HOCUTE-
s pyHKIWii py, He mepecekarorcst, To0 0 < fr < 1 u Lip fi < 2/e mua Bcex



keN,u0< f<1wuLipf < 2/e. Takum obpazom, f € lip °(X). Hyst stio-
6oro marypassHoro k seimosmserca omenka 0 < (f — fr) < Do i < 1.

Caenosaresnsro, spt (f — fr) C U‘ZﬁkHDfm. B cuny coiictBa (iii) nmeem

ioik:—i—lDz‘E/2 C X\ Ai/Q v, (f = fr)| < vn (XN Aiﬂ) < £/32. Tlpumensist

HEPaBEHCTBO TPEYTr'OJIbHUKA, IIOJIydaeM

|Vnk(f) - Vnk+1(f)| > |Vnk(fk) - Vnk+1(fk+l)|_

e () = g )| = Wi (F) = s )| > § =255 = o2

3HaUYNT, TOCTIEIOBATEILHOCTD Uy (f) He sBisteTcst dyHmaMeHTaNbHOM. [

Jlemma 4.6. IIyctp npocrpanctBo X MOJIHO H IIYyCTH MOCJE0BATETHHOCTD
KOHEYHBIX cernapabesbHbIX Mep {V,} TakoBa, 4To st 10008 pyHKImAn [ €
lip °(X) umciaoBas mocsenoBarebHOCTD vy (f) dyrnamentanbpaa. Torma cy-
IECTBYET eMHCTBeHHAs cenapabeibHas Mepa (1, K KOTOPOI 1OCIE0BATE b-
HOCTh Mep {Vp} c1abo cxouTcs.

JoxasatenscTeo. Onpegesnm Ha npocrpancrse lip °(X) meorpunarebHbIH
JmHeHHbI hyHKIHoHAT 1 110 (opmyste pu(f) = nh—>Holo vn(f). Pacemorpum to-
cyreioBaTesIbHOCTE (yHKIWH @y, € lip °(X), MOHOTOHHO CXOISIUXCS K HYJIIO
(¢ | 0). Badurcupyem ¢ > 0. ITo jgemme 4.5 mocies0BaTEBHOCTE MED Vj,
COCTABJIAET IJIOTHOE CEMEICTBO, 3HAYUT, HAMIETCA KOMIIAKTHOE MHOXKECTBO
K raxkoe, uaro v,(X \ K) < . Cxoznsimuecs: Ha KoMITakTe (DYHKIIUHA Q) CXO-
IATCA PABHOMEPHO, CJIEI0BATEILHO HAMIETCI HACTOIBKO 60JIbImo HOMEp kg,
ur0 npu k > ko umeem max{py(z) :z € K} <em

Un(or) = / ok dvy, + / ©1dvy < e (Vp(1) + max )
K X\K

plpr) = lim vn(pp) < e (u(1) +maxep)

st Bcex k > ko. Takum obpazom, mbl mosyamian, 9to (k) | 0 mist mpo-
M3BOJIbHOM mocienoBaTeabHocTd @ | 0. Ilo meopeme Hawmmams [11, I1.7.1]
(BYHKIMOHAJT (4 sIBJIETCS Mepoit Ha X .

Yr0o6bI MOKA3aTh cenapabebHOCTh MEPHI i, TOCTATOYHO PACCMOTPETH Ce-
napabensHoe MHOXKecTBO S = cl(Usptyy,) u ybemurses, aro pu(S) = u(X).
HNcnonb3yst mocsienoBaTeibHOCT JIUIIINIEBBIX byHKImit fi(x) = max(l —
k- p(S,x),0), MOHOTOHHO CXOAAIIMXCHA BCIOLY HA S K XaPAKTEPUCTUIECKONH
dYHKIMM Y g MHOXKECTBA S, MOJIydaeM

p(S) = plxs) = lim u(fy) = lim lim v (fi) = p(1) = p(X).

[Mpumensig cieacrBue 3.4, TOIydaeM, 9TO MOCIEIOBATENBHOCT {1V, } c1abo
CXOOUTCS K cemnapabenbHOl Mepe . [
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JlokazatenncTtBo Teopems 4.1. Paccmorpum mpomsBosibHyIO C1abo dyHIa-
MEHTAJIbHYIO I0C/IeJ0BATEeIbHOCTE cenapabenbubix mep {v,}, T. e. Takyio,
qro aist ar060it pyrkuun f € Cp(X) uncnosas nocsenosarensHocts {v, (f)}
dynmamenransra. T. . lip °(X) C Cy(X), To mo emme 4.6 mocsenoBaTe b
HOCTB {V;, } c1ab0 CXOMUTCS K HEKOTOPOii cemapabebHol Mepe. 3HAYUT, TIPO-
CTPAHCTBO cemapabesbHBIX Mep Caab0 mosHo. []

JoxasaTtenbcTBo Teopemt 4.2. Ilycrs mociemoBarensrocTs {1} Mep u3
npocrparcrea M (X) dynnamenransua B merpuke H. 13 onpenerenns mer-
puku H BBITEKaeT, uTo Jyist Jitoboit dyrknuu f € lip (X) mociaemosaress-
HOCTH Uy (f) dymmamenransra. ITo jmemme 4.6 cymectByer cemapabeabHast
Mepa p Takasl, 9To U, = . [lokaxewm, aro H(v,,p) — 0. Sadukcupyem
e > 0. B cuny dyunamentambaoctn {1, } HaléTcs Takoit HOMEp 7, UTO
H(vy,vm) < €, s Bcex m > n. Ecim f € lip(X) — mekoropast Heorpwm-
naTesbHas JIWIINAIEBa (DYHKIWSA, TO MOCIEI0BATENBHOCTh OMPAHUIEHHBIX
dyukmmit fi(x) = min{ f(x), k} mororonno cxomures fi T f ma X. ITo reope-
me Jlebera [12, I'n.1, §12, (12.6), ctp.48] v (fi) T vn(f) m pu(fr) T p(f), caemo-
BATEJIbHO, HAMJETCs HACTOIBKO GOIbIIoi HOMED k, 910 |1, (f)—vp(fr)| < e m
lpe(f) — p(fr)| < e. U3 cnaboit cxopumocTy BeITeKaeT, 910 limy, oo Vi (fr) =
wu( fx). Y3 Beibopa n umeem |vy, (i) — u(fi)| = impm—oo |¥n(f&) —vm (fr)| < €.
B urore nmosyuaem

v (f) = w(OI < walf) = vn(f)l + a (i) — n(f)l + |p(fi) — p(F)] < 3¢

JIrobas mummmiesa GpyHKIUS TPeJICTaBAMa B BUJE PA3HOCTH HEOTPUIATE b-
weix f = ft — f7, crenosarensro, pu(f) = limy, oo vy (f) m1a Beex f €
lip 1 (X). Orcroma caenyer, Bo-iepBbIX, it € M(X), T. K. (pzy) = limy o0 Un(0z,) <
00, U, BO-BTOPBIX, limy, oo H(Vp, ) = 0, 9T0 U JOKA3BIBAET IOJHOTY IIPO-
crparcrBa M (X). IlepBas gacTh TeOpeMBbl JTOKa3aHA.

ITycts Teneps npocrpancrso M (X) mosno, mokaxem mosnory X . Pac-
CMOTPUM HEKOTOPYIO (DYHJAMEHTAJBHYIO MOCAEL0BATEIBLHOCTE {X,}0° | B
X. T. x. H(0z,6y) = p(z,y) nna Beex z,y € X, TO HOCTETOBATEIHHOCT
mep Hupaka {0, } dynnamentansaa u B cuty nosaotsl M (X) cxomures
B Merpuke H K HEKOTOpO# Mepe v. U3 cemapabebHOCTH MEpHI U TIOJIyda-
eM, uT0 €€ HocuTeab He mycT. llycts g € sptv. Bribepem mpousBosibHOE
e > 0. Jna munmunesoit dynkmuu f-(z) = max(0,1 — Lp(zg,z)) umeem
lim,, o0 65, (f) = v(f) > 0. Orcroma mosygaem, aro cymectsyer N Takoe,
910 st n > N Beinosnsero 0y, (f) = f(zy) > 0, 3nauur, p(xo, z,) < . Cie-
JI0BaTeIbHO, T, — T, Tpu n — oo. IloaHoTa TpocTpancTBa X J0Ka3aHa.

O

5. IIpnyio>keHus TeopeMsl 0 TIOJiHOTe. Teopema 4.2, Kak ObIIO yIIOMSI-
HYTO B BBEJIEHUM, MMEET TIPUJIOKEHUS B TEOPUHU CAMOIIOJOOHBIX MHOMKECTB.
Hampumep, 6e3 e€ mcmosp30BaHuS HEKOPPEKTHO JIOKA3aTEIBCTBO TEOPEMBI
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Xarumncona [3, 4.4(1)] o cymecTBoBaHUN €AMHCTBEHHON MHBAPUAHTHON Me-
PBl HA MHBAPMAHTHOM MHOXKecTBe. Tak Kak B [3] ucmosb3yrorcs 6opesieBcku
peryJigpHbIE BHEIIHWE MePbI, TO Teopemy 4.2 Heobxoaumo mepedopmyupo-
BaTh B TEPMWHAX BHEIIHUX MEP.

Brewneti mepoti ma X masbiBaerca dymkmas 4 : 2% — [0, 00|, Takas 4TO
p(@) =0 um p(ULE;) < >0y w(E;) ana E; C X. MHoxecTBO A Ha3bIBa-
ercst p-usmepumvim, ecna (1) = w(T'NA) + (T \ A) mna Bcex T C X.
ToBopsiT, 4TO BHEIIHSISI MEPA (L OOPEAEBCKU Pe2YAAPHa, €C BCe BOPesIeBCKIe
MHOYKECTBa, [-U3MepUMBI 1 jiist jiioboro A C X cymecTByeT HOpeseBcKoe
muOXKecTBO B D A, takoe 4yro p(A) = wu(B). Bynem obosnasars M*(X)
IIPOCTPAHCTBO BCEX Cernapabe/IbHbIX BHEITHUX Mep Ha X, YAOBJIETBOPSIONNX
(X)) =1u [y ¢pgy dpp < 00, purst mexoroporo o € X. Merpuxa H na M*(X)
TaKxKe ompezesnsercs dpopmyoi (1).

Teopema 5.1. IIpocrparcro M*(X) moaro B merpuke H Torya u TOJIBKO
TOIIa, KOIJa IIOJHO IPOCTPAHCTBO X .

JloKa3aTeTbCTBO HEMOCPEICTBEHHO BBITEKAET W3 TeopeMbl 4.2 1 ciieayio-
IIETO TIPEIJIOKEHMS:

IIpepgoxxenune 5.2. IIpocrpancro M*(X), merpuzoBannoe merpukoii H,
B3aHMHO OJHO3HAYHO oTobpakaercs Ha M (X) ¢ coxpaHeHHEM METPHKH.

JoxasaTtenbcTBo. [Iycts orobpaxkenue F' : M*(X) — M(X) 3amano dop-
mynoit F(u) = p|px)- Mepa F(u) cosnajaer ¢ j na 60pesieBCKUX MHOMKe-
creax. 13 onpenesnenns: marerpana JleGera ciemyer, 9ro naTErpass | x fdu
u [ « f dF (1) coBanator ma nenpepsiBHbix Gyrknusx. CiegosaresH0, 0T06-
paxkenme F coxpanser merpuky H. T. K. BOopeseBCKE perysspHas BHEII-
HIsl Mepa OJHO3HAYHO OIIPE/IeJISIeTCsl CBOMMY 3HAYEHUSIMU HA OOPEIEBCKUX
MHOXECTBaX, TO F' sBysgercs orobpaxkenuweMm «B». [y mpOW3BOJBHON Me-
pot v € M(X) dopmyna u(A) = inf{v(B) : B D A, B € B(X)} 3agaér
BHemrHIOI Mepy Ha X. [Ipuuém mepa o sBiisgercss 60PEIeBCKH PETyJIsIPHOIA,
T. K. IO IIOCTPOEHUIO, It joboro A C X Haligércs moc/e 0BaTeIbHOCTD
B, € B(X),n=1,2,... takas, 9ro B, D Awu |u(A) — u(By,)| < 1/2", orky-
na cregyer B =NB, € B(X), B> An u(A) = p(B). Mepa p coBanaer ¢ v
Ha GOpPEJIEBCKUX MHOXKECTBaX, cyegoBaTenasHo, € M*(X) u F(u) = v. Ta-
KuM 00pa3oM, F' sBiiseTcs Tak:ke 0TOOpaKeHNeM «Hay, &, 3HAUUT, ¥ B3AUMHO
OJTHO3HAYHBIM OTOOpaxkeHueM. [

B pa6ore [1] upuBogurcs npumep nocrpoenusi mep B R", nHBapuaHTHBIX
OTHOCHTEIBHO CUETHBIX CHCTEM CXKIMAIOIMX O0TOOparkeHWil, N3BeCTHHIX [4]
kak IIFS (Infinite Iterated Function System). Cnemyromast reopema 0606-
IaeT JAHHBIM TpuMep Ha CIydail MOJHOTO METPUYECKOTO TTPOCTPAHCTBA.

Teopema 5.3. B mosiHOM MerpuueckoMm mpoctpaHcTse (X, p), s 1060
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cuérHoii cucrembl S = {S;}ien Cxumaromux orobpaxennii (S; : X — X,
LipS; < 1 amsa i € N) ¢ HENOABH>KHBIMH TOYKAMH X; U JJIs JIOOOIO BEpPO-
ATHOCTHOrO BeKTOPa P = (p1,p2,-..) (X ienPi = 1,pi = 0 ans i € N), yzno-
BJIETBOPSTIOIIETO YCIOBHIO » ;- Pip(T1, %) < 00, CYIECTBYeT eqHHCTBEHHAST
mepa v € M(X), rakas 9ro

v(A) = ZpiSi_l(A) st Bcex v — u3MmepuMbix A C X
i=1

oxazatenscto. Omeparop T : M(X) — M(X), T(v) = Y52, pivS;*
apJisiercs cxumatomuM B H merpuxe [1, 3, Teopema 5]. ITo Teopeme 4.2 mpo-
crparcteo M (X) nomno. Ilpumensis reopemy Banaxa 0 HenmogBm»kHOM TOU-
K€ II0JIydaeM, 9TO CyIIeCTByeT eauHcTBeHHas Mepa v € M(X) rtakas, 9To
Tv)=v.O

Mepa v, nopoxjjaemast CUCTEMOI S, Ha3BIBAETCS UHBAPUAHMHOT MEPOT.
MHOXKeCTBO, MHBAPUAHTHOE OTHOCUTEJILHO CUCTEMBI S, MOYXKHO ONPEE/NTh,
Kak sptr. 3aMeTuM, 4TO IOCTPOEHHBIE TAKUM O0Pa30M MHOXKECTBA MOTYT
OBITH HEOTPAHUYEHHI, a, CJIeJOBATENbHO, B oTinune oT aTTpakTopos IFS, me
koMmakTHBI. Crieyromnuil mpuMep MOKa3hIBAET TAKXKE CYIECTBOBAHUE MHBA-
PUAHTHBIX Mep C OTPAHWYEHHBIM, HO He KOMIAKTHBIM HOCUTEJEM.

IIpumep 5.1.: Ha runsbeproBoM mpocrpaHcTBe lo ¢ TuabbepTOBBIM 0a3u-

com {e;}?°, paccmorpum cucremy S = {5;}5°, cxumaromux 0TobpakeHuit
1 . . i — (1)

Si(z) = 5(x—e;)+e; m BepOATHOCTHBI BEKTOD P = (?)izl‘ Hocurens coor-

BETCTBYIOIEH MHBAPUAHTHOW MEPhI OrPAHUYEH (JIEXKUT B €IMHUIHOM HIape),

HO HE KOMITAKTEH, T. K. COJIEPXKUT {e; } — HEeIOABUKHBIE TOUKY 0TOOparkeHnit

{Si}.
PesynbraTer paboTer aHOHCHPOBaHLI B [8-9].

Bripaxkaio orpoMHyio 6/1aroapHOCTh CBOEMY HAyYIHOMY PYKOBOIUTEIIIO
a.¢.-m.H. B. B. AceeBy 3a nmocrosiHHOe BHUMaHUE K JAHHOMY HCCJIEJI0BAHUIO
" IIeHHBIE COBETHI 10 odopmyenuio. Baronapio peleHzeHTa 3a CHe/IaHHBIE
UM 3aMedaHus, CI0COOCTBOBABIIUE Y/IYUIIEHUIO TEKCTa, CTATHH.
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